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INTRODUCTION 
The prediction of possible flooding and properties of the water 

flow on the coast is an important practical task for physical 

oceanography and coastal engineering, which is solved by means 

of empirical formulas (see, for instance, Le Mehaute et al., 1968; 

Stockdon et al., 2006), numerical simulation (Liu et al., 1995; 

Kennedy et al., 2000; Choi et al., 2007, 2008; Fuhrman and 

Madsen, 2008) and field experiments (Bowen et al., 1968; 

Huntley et al., 1977; Guza and Thornton, 1980; Holman and 

Sallenger, 1985; Holman, 1986; Raubenneimer and Guza, 1996; 

Raubenneimer et al., 2001).  

Analytically, the first attempt to study the runup of irregular 

waves on a beach of constant slope in the context of nonlinear 

shallow water theory has been made in (Didenkulova et al., 

2008a) and later developed in (Didenkulova et al., 2011), 

exploring the statement that extreme runup characteristics 

(maximum runup and rundown heights and maximum runup and 

rundown velocities of the shoreline) in linear and nonlinear 

theories coincide (Carrier and Greenspan, 1958; Synolakis, 1991; 

Didenkulova et al., 2007; 2008b; Didenkulova, 2009). It has been 

shown in (Didenkulova et al., 2008a) that for an incident wave 

field represented by narrow-band Gaussian process, extreme runup 

characteristics can be described by the Rayleigh distribution even 

in the nonlinear problem.  

In this manuscript we study statistical characteristics of the 

moving shoreline based on experiments undertaken in the Large 

Wave Flume (GWK), Hannover, Germany. One of the basic ideas 

is to check the applicability of the Rayleigh distribution for 

description of the maximal runup heights on the beach for waves 

of different amplitude (nonlinearity) and different spectra.  

Narrow-band gaussian processes 
In this section we briefly reproduce conclusions of the 

analytical theory of 1D irregular wave runup on a beach. The basic 

equations are 

   0 








uh

xt



,                                     (1) 

0














x
g

x

u
u

t

u 
,                                       (2) 

where η(x,t) is vertical water displacement, u(x,t) is depth-

averaged velocity, h(x) is unperturbed water depth, g is gravity 

acceleration, x is a coordinate, directed onshore, and t is time. 

Using the hodograph transformation Carrier and Greenspan (1958) 

found rigorous analytical solutions of the problem of wave runup 
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on a beach of constant slope h(x) = –αx. These solutions describe 

the wave field nearshore. For the moving shoreline, the Carrier-

Greenspan method can be reduced to a two-step approach, 

described in detail in (Didenkulova et al., 2008b; Didenkulova, 

2009). 

At the first step we solve linearized Eqs. (1)-(2) and find a wave 

field (vertical water displacement R(t) and horizontal velocity 

U(t)) at the unperturbed shoreline (x = 0). These characteristics are 

connected by  

dt

dR
U



1
 .                                         (3) 

At the second step we find characteristics of the moving 

shoreline (vertical water displacement r(t) and horizontal velocity 

u(t)) in the nonlinear problem with the use of a simple Riemann 

transformation of time  
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It is evident that functions r(t) and u(t) satisfy the same 

kinematic condition (3). Solutions (4)–(5) are also valid for both 

deterministic and random functions R(t) and U(t). The theory of 

linear differential equations with deterministic coefficients and 

random initial and boundary conditions is well developed.  

It follows from Eqs. (4) and (5) that maximal runup 

characteristics in linear (R(t) and U(t)) and nonlinear (r(t) and u(t)) 

theories coincide (Carrier and Greenspan, 1958; Synolakis, 1991; 

Didenkulova et al., 2007). This fact has been used by 

(Didenkulova et al., 2008a) to study the random long wave runup 

on a beach. One of the first conclusions from the linearity are 

definitions of the significant runup height at the beach (average 

height of the 1/3 of the highest waves) Rs from the linear theory 

for narrow-band signals: 
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where As is the significant amplitude, defined by the standard 

deviation of the incident wave field As ≈ 2, L is a distance from 

the point where the incident wave field is defined to the shoreline, 

and ω0 is a central frequency of the incident wave spectrum. 

When the incident wave field is an almost linear Gaussian 

stationary process and has a narrow-band spectrum, the height 

distributions of the incident wave and functions R(t) and U(t) are 

described by Rayleigh distributions (Didenkulova et al, 2008, 

2011 Massel, 1996). The Rayleigh probability distribution 

function P(R) and probability density function f(R) for maximal 

runup heights Rm are 
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It follows from the coincidence of the runup heights in linear 

and nonlinear theories, that the distribution of the real, nonlinear, 

runup heights (maxima of r(t)) are described by the same Eqs. (8) 

and (9) as shown in Didenkulova et al, 2008a, 2011.  

 

Figure 1. Schematic of the flume. Wave gauges used for the incident wave reconstruction are spread along the channel. Runup 
capacitance probe is shown at the dyke. 

 
Figure 2. Distribution functions of maximal positive amplitudes 

for incident wave (triangles) and shoreline displacement 

(circles) with the incident wave spectrum width f = 0.7; solid 

line corresponds to the Rayleigh distribution (Didenkulova et al, 

2008a). 
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Distribution functions for maximal amplitudes of the wave 

field, defined as maximum between two zero points, were 

calculated numerically for the initial Gaussian distribution 

(Didenkulova et al, 2008a). The Fourier series of N = 512 

harmonics were used and the relative spectrum width f was 

changed from 0.1 to 0.7. All statistical characteristics were 

obtained with the use of ensemble averaging over 500 realizations. 

It was shown that for a narrow-band incident wave field 

(l = 0.1), as it was expected, the distribution functions of the runup 

characteristics were described by the Rayleigh distribution, but 

also for a wider spectrum of the incident wave (f = 0.7) 

distribution functions of the maximal shoreline displacement  

differed from the Rayleigh low weakly (Figure 2). More details 

can be found in (Didenkulova et al., 2008a). 

Experimental arrangement 
Experiments have been performed in a 307 m long, 7 m deep 

and 5 m wide Large Wave Flume (GWK) at Forschungszentrum 

Küste, Hannover, Germany on 15-26 October 2012 (Figure 3).  

The experimental setup contained a 251 m long section of the 

constant depth, which was kept at h = 3.5 m during all tests, and a 

1:6 slope section. A total of 18 wave gauges were mounted along 

the flume to reconstruct the incident wave field and to study its 

nonlinear deformation. During the tests, two video cameras and a 

capacitance probe were used to measure wave runup on a sloping 

beach. The capacitance probe consisted of the two isolated copper 

wires suspended at 5 mm above the slope. A several volt 100 kHz 

signal was applied to the one of the wires. The signal from the 

other wire was measured by a lock-in amplifier and the amplitude 

was logged with the sampling frequency of 200 Hz (see 

Denissenko et al., 2011 for details). The signal from wave gauges 

was also recorded with the sampling frequency of 200 Hz. One 

video record was used to calibrate runup data measured by the 

capacitance probe. Another video record was used to determine 

the shape of the water surface, which was illuminated by a laser 

sheet along the direction of wave propagation. 

We have studied runup of irregular waves of a period of 20 s 

corresponding to the narrow-band 0.9f0…1.1 f0 and the wider band 

0.6f0…1.4f0 incident wave field. The typical 3-hour incident 

waveforms reconstructed from the wave gauge signals are shown 

in Figure 4. The narrow-band wave field is essentially an 

amplitude modulated monochromatic wave, and in the wider band 

case the signal is more irregular and allows small and large waves 

coming one after another. We tested signals of identical wave 

form and different amplitudes for both spectra (Figure 4). 

The wave maker is equipped with an online absorption system, 

which works with all kinds of regular and irregular wave trains, so 
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Figure 4. Incident wave field for narrow band (top) and wide band (bottom) spectra.  

 

Figure 3. A photo of the slope from a bridge above the flume. 

The wave maker is behind the camera. The wave is breaking 

during the retraction phase, the effect not resolved by inviscid 

shallow water simulation. A layer of the fluid remaining on the 
slope due to the influence of bottom friction can be observed. 
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the incident waveform was unaffected by re-reflections at the 

wave maker. 

RESULTS AND DISCUSSION 
The feature of the runup event observed experimentally but not 

resolved by existing models is the wave breaking during the 

shoreline retraction phase. The effect is attributed to the layer of 

fluid remaining on the slope due to the bottom friction. To 

estimate the thickness of the fluid layer, we use results obtained by 

Castro (2007) and Ranga Raju, Loeser, Plate (1976) for the 

boundary layer over a rough surface. At 2 mm slope roughness 

and 1.5 m maximum runup height (9 m horizontal shoreline 

displacement), the momentum boundary layer thickness is 6 cm 

and the displacement thickness is 10 cm which is in agreement 

with our visual observations. The retracting layer of fluid collides 

with the nearly stationary shoreline near its lowest position 

forming a bore (Figure 3). Interaction of the bore formed by wave 

n with the succeeding wave n+1 affects the dynamics of the latter 

and its maximum runup height. So it is reasonable to expect that 

the distribution of runup maximum values could depend on 

whether large and small waves come one after another which is 

the key difference between narrow and wide band spectra. 

The runup of the wave fields presented in Figure 4 for three 

different wave heights (RMS 4 cm, 8 cm, and 11 cm) has been 

studied. Typical 3-hour signals from the runup probe are shown in 

Figure 5 and zoomed signals of different amplitudes are shown in 

Figure 6. As for the incident wave, the runup of a narrow-band 

signal has a more pronounced group structure than the one of the 

wide band signal and for the wide-band signal there are more 

waves look like individual events.  

Significant runup height Rs was calculated as the average of the 

1/3 of the highest waves. Its values for different incident wave 

signals are shown in Table 1. It can be seen that the significant 

runup height for the narrow-band signals are always greater in 

comparison with the wider band signals of the same height. This 

difference is the biggest for waves of maximal amplitude (11 cm) 

and is equal to 8 %. The fact of the higher runup for a narrow-

band signal can be explained by its pronounced group structure. 

Since the runup of a standalone wave has a longer duration than 

the period of the incoming wave, a sequence of several waves may 

result in a larger runup corresponding to each individual wave, 

which is caused by the cumulative effect of runup excited by 

preceding waves. The effect of cumulative runup has been 

demonstrated by Tadepalli and Synolakis (1994) for a sequence of 

waves. As narrow-band signals are characterized by the group 

structure, it is more probable to have several waves of large 

amplitude coming one after another for a narrow-band signal, than 

having such a sequence in the wide band case hence the difference 

in the significant runup height Rs. This might explain observed 

extreme runup excited by waves induced by high-speed vessels in 

Tallinn Bay which produce wave fields with a pronounced group 

structure (Didenkulova et al., 2009; Torsvik et al., 2009). 

The increase in significant runup height due to wave grouping 

can also be applied to the rogue wave problem (Kharif et al., 

2009) and might shed light on numerous observations of rogue 

waves at the coast (Didenkulova et al., 2006a; Nikolkina and 

Didenkulova, 2011; 2012). It follows from the described 

philosophy that the probability of the rogue wave appearance at 

the coast is larger than in a coastal zone, which is in agreement 

with observations. According to (Nikolkina and Didenkulova, 

2011) 50% of all rogue events (39 events out of 78) occurred in 

2006-2010 were observed at the coast. For comparison, there were 

30 rogue waves (38.5%) occurred in the shallow water and 9 

rogue wave events occurred in the deep water (11.5%). 
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Figure 5. Signals from the runup capacitance probe for narrow band (top) and wide band (bottom) spectra of incident wave. Particular 

waveform of the shoreline motion and the minimum drawdown points are not resolved due to the layer of fluid remaining at the slope due 
to the bottom friction. For the current investigation, we use only the values of runup maxima.  

Table 1.  Significant runup height. 

Band \ Wave RMS 4 cm 8 cm 11 cm 

0.9 f0…1.1 f0 24 cm 69 cm 110 cm 

0.6 f0…1.4 f0 23 cm 67 cm 101 cm 
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One of important integral parameters of the runup is the loss of 

the wave energy on the shore. We have estimated the loss by 

summation of the energy (square amplitudes) of individual 

incident and reflected waves  

    
222

/ increflinc AAA .                (10) 

The calculation suggests that more energy is lost when the 

incident wave has a narrow band spectrum, see Table 2.  

The distribution and the survivor function of runup maxima for 

all considered spectra are shown in Figures 7 and 8 respectively. 

The dashed line corresponds to the Rayleigh distribution. It can be 

concluded that the difference in results between considered spectra 

is minor and the Rayleigh distribution works fairly well not only 

for f<<f0 but even for the situations when f f0. This 

corresponds to the theoretical result by (Didenkulova et al., 

2008a), see also Figure 2.  

CONCLUSION 
In this work the influence of the spectrum width on the 

distribution of runup maxima is studied. It is shown that the band 

width influence is weak and Rayleigh distribution describes 

distribution of maximum runup heights fairly well not only for 

narrow band spectrum with f<<f0 but also when when f f0. 

This agrees with the theoretical results by Didenkulova et al., 

(2008a).  

It has also been demonstrated that the narrow band incident 

wave fields result in greater significant runup height than the 

wider band ones of similar amplitudes of incident waves. This 

might explain an extreme runup caused by the wave groups 

induced by high-speed ferries (Didenkulova et al., 2009; Torsvik 

et al., 2009) and might also shed light on some rogue wave 

observations at the coast manifested as either sudden flooding of 

the coast or high splashes over steep banks or sea walls (Nikolkina 

and Didenkulova, 2011; 2012).  

Higher loss of the wave energy is found to occur when incident 

waves have the narrow band spectrum. Differences between 

narrow and wide band spectra are attributed to the bottom friction 

which manifests itself in occurrence of the bore during retraction 

of the shoreline. The bore makes interaction between consecutive 

waves complicated resulting in distortion of runup dependence on 

the incident wave amplitude when the waves of significantly 

different amplitudes arrive one after another, which is typical for 

wide spectra.  
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Figure 6. Typical signals from the runup probe for narrow band (top) and wide band (bottom) incident wave spectrum of different 

amplitudes. Markers correspond to maximum points. Black line corresponds to 4 cm incident wave field, blue line to 8 cm, and red line to 
11 cm wave field. 

Table 2.  Wave energy loss. 

Band \ Wave RMS 4 cm 8 cm 11 cm 

0.9 f0…1.1 f0 4.1 % 11 % 18 % 

0.6 f0…1.4 f0 2.2 % 7.0 % 12 % 
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Figure 7. Distribution of runup maxima for narrow band (thin 

lines) and wide band (bold lines) at different amplitudes of 

incident wave: black 4 cm, blue 8 cm, and red 11 cm. Dashed 

line corresponds to the Rayleigh distribution.  
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Figure 8. Survivor function for the runup maxima for narrow band (thin 
lines) and wide band (bold lines) at different amplitudes of incident 

wave: black 4 cm, blue 8 cm, and red 11 cm. Dashed line corresponds to 
the Rayleigh distribution. 


