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Abstract

A good prediction of wave celerity is essential for wave propagation modeling in the nearshore. Previous studies have
been focusing on the analysis of wave celerities averaged over several waves, neglecting the intra-wave variability due
to long-wave transformation for instance. This paper is devoted to a study of individual wave transformation in the surf
zone of a low-sloping beach, based on the analysis of a high-resolution laboratory dataset. The variability of the indi-
vidual wave celerity in the surf zone is quantified and is seen to relate with the local elevation of the long waves nor-
malized by the mean water depth. Lastly, individual wave celerities are compared to the predictions given by several
linear and non-linear models.
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1. Introduction

A good prediction of the celerity of a broken wave is essential, as it is a key parameter for nearshore wave
propagation models. In phase-averaged models for instance, the parameterization of the celerity will de-
termine the mass flux, the energy flux and the energy dissipation. A better understanding of wave celerity is
also important for the development of remote sensing techniques. In depth-inversion techniques for in-
stance, the accuracy of the results directly depends on the knowledge of a good relationship between wave
celerity and water depth (see for instance Holland, 2001, Catalan and Haller, 2008, Almar et al., 2008).
This accuracy has been found to significantly degrade in the surf zone, where wave dynamics become in-
creasingly non-linear.

Common approaches to describe broken wave celerity rely on the assumption of a given (fixed) wave
shape, or at least a slowly varying one, while the surf-zone is characterized by highly non-stationary dy-
namics. Predictors derived from linear wave theory are often used. Several studies have shown that they
could only give a rough estimate of the broken wave celerity averaged over many waves (e.g., Holland,
2001). Taking into account non-linear effects, essential in surf zone dynamics, leads to improved predic-
tions, but significant discrepancies still remain. Recent studies (e.g., Tissier ef al., 2011) have shown that
the main discrepancies were found in very shallow water, just seaward of the swash zone. In particular, it
has been shown that the classical bore model (Svendsen ef al., 1978), which is the most commonly-used
non-linear celerity predictor, was inappropriate to describe wave dynamics when approaching the swash
zone.

The relatively poor description of wave celerity in the surf zone results also from methodological limita-
tions. Previous studies devoted to broken wave celerity were based on the evaluation of bulk values (e.g.
Thornton and Guza, 1982; Catalan and Haller, 2008; Tissier et al., 2011). A representative celerity was
estimated over a large number of waves, and related to averaged wave properties. The intra-wave variabil-
ity was therefore not accounted for. However, in shallow water, a large variability of the wave field both in
time and space can be observed, due to the presence of (long) infragravity waves for instance. These long
waves, often energetic close to the shore, can strongly modulate water depth and velocity and induce local
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changes in short-wave celerity. In this paper, we perform a wave-by-wave analysis of celerity based on the
analysis of a high-resolution (in space and time) dataset of surface elevation collected in the framework of
the EU-Hydralab IV GLOBEX laboratory experiment. We first analyze the transformation of the individual
short-waves while they propagate towards the shore, in terms of individual wave characteristics and celeri-
ty. We then quantify and analyze the observed dispersion of individual wave celerity in shallow water. Fi-
nally, the observed celerities are compared with several linear and non-linear celerity predictors.

2. Laboratory data and method

2.1. Presentation of the dataset

The GLOBEX laboratory experiment was conducted in the 110-m long Scheldegoot flume at Deltares to
investigate short- and long-wave propagation and interaction over a very low-sloping (1:80) beach
(Ruessink et al.,, 2013). Eight wave conditions were considered during this experiment (3 random, 3 bi-
chromatic and 2 monochromatic cases), and were repeated 10 times for different instrument positions. This
resulted in a total of 190 measurement locations for the free-surface elevation and 43 for the velocity per
wave condition, recorded with a sampling frequency F,=128 Hz. Within the surf and swash zones, cross-
shore arrays of 52 to 93 synchronized capacitance gauges are available, depending on the incoming wave
conditions. Further details concerning the experimental set-up can be found in Ruessink ef al. (2013).

In this paper, we focus on the analysis of the three bichromatic cases, particularly suited for the study of
wave celerity because the regular groups allow for ensemble averaging and, hence, more robust statistics
compared to the random-wave cases. The incoming wave characteristics for the 3 cases considered in this
paper can be found in Table 1.

Table 1 Wave conditions for the bichromatic cases (f; and f; primary frequencies, a; and a,, associated amplitudes)

am |am |f(Hz) /> (Hz)
Bl 0.09 0.01 6/15 7/15
B2 0.09 0.01 0.42 0.462
B3 0.07 0.03 0.42 0.462

2.2. Computation of wave celerity

The time-series of free-surface elevation were first averaged over the group and combined in a time-space
diagram (see examples in Fig. 1). The estimation of individual wave celerity was then based on a simple
crest-tracking method. The crests belonging to one wave group were identified at the most offshore loca-
tion as the local maxima of free-surface elevation and followed during their propagation toward the shore.
The only assumption made to track the crests from one location to the next one is that their propagation
speed ¢ was such as 0.2(gh,,)"? < ¢ < 2(gh,,)"?, with h,, the water depth averaged over the entire time-
series. Figure 1 shows the trajectories resulting from our crest tracking procedure for the cases B1 (6 waves
per group) and B3 (10 waves per group). The celerities were finally computed as the derivative of these
trajectories (¢ = dx./df). This simple methodology gives reliable results for the bichromatic cases after en-
semble averaging, but will be less straightforward to apply for random wave cases. Other approaches to
estimate individual wave celerities, such as the Radon Transform presented in Almar et al. (2013), should
be used to study more complicated cases.

Bulk estimates of the celerity were also computed for validation purposes using the cross-correlation meth-
od introduced in Tissier et al. (2011). For the computation of the cross-correlations, we consider 2-minute
long free-surface elevation time-series distant from 40 to 80 cm.

2.3. Estimation of individual wave characteristics

To analyze the celerity data, it is necessary to precisely define the characteristics of the individual waves.
For each wave and at each location, the wave trough is defined as the first local minimum of free-surface
elevation preceding the crest. The wave height is then computed as the difference of free-surface elevation
between crest and trough. The wave period is estimated as the time separating the crests of two consecutive
waves.
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Figure 1: Space-time diagram of ensemble averaged free-surface elevation measured during B1 (a) and B3 (b). The
thick dashed lines represent the wave trajectories used to compute celerity. The vertical dashed lines represent (from
left to right) the position where the largest waves start breaking, the position where the smallest waves start breaking,
and the start of the swash zone (maximum run-down). These positions were determined visually during the experi-
ments.

Lastly, we define the water depth hy,. in which each wave locally propagates. To this end, the total water
depth time-series is decomposed as:

h=d +7 + 7 + 7, (1)
with d the water depth at rest, and 77 , 77,; and 77;; the mean (set-up), high frequency, and low frequency
part of the free-surface elevation time-series (with respect to the water level at rest). To separate the low
and high frequency parts of the signal, we choose f., = f»/2. The water depth 4, is then defined as the
average value of the low-pass filtered water depth (0 +77 +77; ) over the wave front.

3. Data analysis
3.1. Short-wave transformation

The individual wave periods T, heights H and relative wave heights H/h,, are presented in Figure 2 for the
three experimental conditions introduced in Table 1. In this figure, each line represents the cross-shore evo-
lution of a parameter for a given wave. The variability of the individual wave periods (Figs. 2a,d,g) in-
creases sharply when entering the surf zone, suggesting an increased variability of the intra-wave celerity
after the breaking point. These variations are the result of the crest convergence/divergence observed in
shallow water (see also time-stacks in Fig. 1). The largest variations of the individual wave periods can be
found in case B3, which corresponds to the wave conditions with the largest low-frequency modulation of
the incoming wave field (see Table 1). In this case, some crests end up merging (T drops to zero, see also
Fig.1b, x=80 m), reducing the amount of waves at a given location and therefore considerably increasing
the mean period.
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Figure 2: Short wave characteristics for cases B1 (first column), B2 (second column) and B3 (third column). (a),(d) and
(g): individual wave periods; (b),(e) and (h): individual wave heights; (c), (f) and (i): relative wave height (H/hy,.).
Vertical dotted lines: see Fig.1. For each case (column), one color corresponds to one given wave.

The cross-shore evolution of the individual wave heights is presented in Figures 2b, e and h. We can see
that, as expected, the variability of the offshore wave height is much larger for case B3 than for cases B1
and B2. This results in larger variations of the breaking point location, which is in agreement with the posi-
tions determined visually during the experiment (vertical dotted lines). Once breaking is initiated, the scat-
ter decreases quickly as wave heights become depth-limited. A local increase in the wave height can be
observed at about 75 m for the three cases. It seems to correspond to the visual observations made during
the experiment of a quasi-termination of breaking at about 70 m followed quickly by a reformation of the
breaker (for almost all waves in cases B1 and B2, only for the smaller waves in case B3). Finally, the rela-
tive wave height is displayed in the bottom panels of Figure 2. It increases progressively during shoaling,
until it reaches a value of 0.60-0.65. The relative water depth then decreases to a value of about 0.4, typical
of the inner surf zone (e.g., Fig. 2¢, x=~65 m). More onshore, H/h,. exhibits larger variations, which can be
linked to the relatively larger infragravity-wave induced variations of water level. A peak of H/h at
x~75m (e.g., Figs. 2c,f) can be also noticed, of amplitude similar to the one observed at the main breaking
point. This seems to support the idea of a quasi-termination of breaking followed by the reformation of a
new breaker.
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Figure 3: Intra-wave variability of the celerity for B3. (a) Individual wave celerity as a function of the cross-shore
location. Dashed line: ¢ = (gh,)2 dash-dotted line: c=1.3(gh,)"? , dotted line: linear theory (dispersive). Black dots:
celerity obtained by cross-correlation over 2 min-long signals; (b) (Cinax — Cmin )/Cm, With Cray, Cmin @nd c, the maxi-
mum, minimum and mean celerity at a given location. Vertical lines in (a) and (b): see Fig. 1.

3.2. Wave-by-wave celerity
3.2.1. Dispersion of individual wave celerity

Figure 3a compares the individual wave celerity to 2-min averaged celerities obtained by cross-correlation
(see Section 2.2 for details). This bulk celerity is very close to the values obtained after averaging the indi-
vidual wave celerity (not shown), confirming the reliability of our methodology.

Before breaking, the celerity shows very little variability, and follows the linear dispersive relation (see
thick dotted lines). The celerity of the individual waves start to differentiate at breaking. Wave breaking is
associated with a strong steepening of the wave front: the crest is therefore accelerated forward, explaining
the peak of celerity (defined as the crest celerity) following the initiation of breaking. This sharp increase at
breaking is not found in the bulk estimate computed by cross-correlation, since it only gives an estimation
of the celerity averaged over several waves. In the surf zone, the individual wave celerities exhibit varia-
tions up to 90% of the mean celerity c¢,, close to the swash zone (Fig. 3b), while these variations are less
than 5% of ¢,, before breaking.

Figures 4d and 4g present the evolution of the wave-by-wave celerity for cases B1 and B2. For B1 and B2,
the celerity goes down to the shallow-water linear theory (dashed lines) after breaking, and then increases
again strongly. This could be in relation with the termination/restart of breaking mentioned earlier, and
should be investigated in more detail based on the analysis of available video data. The different celerity
curves finally diverge again when progressing toward the shore.

3.2.2. Influence of the long waves

The water level and velocity variations induced by the long waves are also shown in Figure 4. Some small
discontinuities in the velocity signal can be observed, and can partly be explained by changes in the height
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Figure 4: Top panel: individual wave celerity for the three cases. The dashed line is (ghp)* with h,, the mean total dept
h obtained from averaging of the entire time-series, the dot-dash line is 1.3(gh,)*? ; Middle and bottom panel: associate
d variation of the local free-surface elevation (set-up and influence long waves) and local velocity (long waves only) fo
r each wave. Vertical dotted lines: see Fig. 1. For each column, one color corresponds to one given wave (same colors
as Fig. 2).
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Figure 5: Evolution of (Cyax — Cmin )/cm (back lines) and (Ajoc.max — ioc,min )//im (red lines) as a function of the cross-shor
e position x for the cases B1 (a), B2 (b) and B3 (). hjoe maxs Nioe,min @nd  hy, are the maximum, minimum and averaged va
lues of the water depth hy, at a given location.

above the bed at which the measurements were obtained (see Ruessink ef al., 2013, their figure 1). A well-
developed (anti-)nodal structure can be observed at the most offshore locations (x<50 m) in cases B2 and
B3 for both the free-surface elevation and the velocity. As expected for a standing wave pattern, the nodes
in free-surface (e.g., x=30 m in Fig. 4k) correspond to the antinodes in velocity. It can be seen that for x<50
m, some waves are propagating alternatively close on the trough and on the crest of the long wave (7,
negative or positive depending on the cross-shore location). No clear standing pattern can be observed in
case B1, even at the most offshore locations. This can be explained by the higher value of f,-f; considered
in this case, which results in a higher dissipation of the long wave, and therefore a more onshore progres-
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sive pattern (see de Bakker ef al., 2013 for a detailed analysis of long wave dissipation for the GLOBEX
experiments).

In the surf zone, the long waves exhibit a more progressive pattern for the three cases. As a result, u;-and 7
can be maximum at the same time. This is expected to enhance the long-wave influence on short-wave ce-
lerity. To investigate these effects in more detail, we focus now on case B3, which exhibits the largest vari-
ations in terms of celerity but also the largest low-frequency modulations of water level and velocity. We
can see in Figure 4, that, in the surf zone, the short waves with the largest celerities are those propagating
in the largest water depths, that is to say on the long-wave crests (e.g., light green lines in Figs. 4, g and /).
These waves are also propagating in a positive long-wave induced current (Fig. 4i). On the contrary, the
waves propagating in the trough experience negative current and smaller water depths. They are therefore
propagating at a lower speed than the waves on top of the crest. This leads to the convergence of the short
waves on the long wave crest, and ultimately, to the merging of the bores (see trajectories of the wave
crests in Fig. 1b).

Figure 5 compares the cross-shore evolution of the celerity ratio Ac/c =(Cmax — Cmin )/cm to the water depth
ratio Ah/h =(Mioc max — Mloe.min )/Am. Before breaking, both ratios are close to zero. When the largest waves
start breaking, a first increase in Ac/c can be observed. It is followed by a second increase, starting after the
second breaking point (breaking of the smallest waves). These two peaks cannot be related to local changes
in water depth, but probably result from the strong steepening of the short wave following the initiation of
breaking. Both ratios increase then at similar rate, except for the most shallowest locations, where the
values of Ac/c can be up to two times larger than Ah/h.

To analyze further the respective importance of the low-frequency variations of # and 4 on wave celerity,
we show in Figure 6 the measured celerity as a function of the shallow water linear theory, computed using
the mean water depth (blue dots), the local water depth (red dots) and finally the local water depth with an
additional correction to account for the local current ((ghy,.)” + uy; green dots). In general, relatively small
differences can be observed between the three celerity predictors. The largest differences are found for case
B3, where accounting for the long-wave induced velocities reduces significantly the scatter of the celerity
data for the shallowest positions (smallest ¢, Fig. 6c¢).

To quantify these differences, we define the following quadratic error:

2
Ci (2)

1 & Cheqi —Ci
E _ = pred,i
rms N ; C

with ¢,..q;and c; the predicted and measured celerities, respectively, and N the number of measurements.
When considering the surf zone data only for the three cases (x>60m for B1 and B2, x>66m for B3, N=372
celerity values in total), we obtain a global E,,of 11.5 % without velocity correction, and of 10.4% when
accounting for the low-frequency variations of velocity. For B3 alone, E,,; = 10.1% when accounting for
uy, and 13.2% otherwise.
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Figure 6: Individual wave celerity ¢ as a function of the celerity predicted by the shallow water linear theory for the
cases B1 (a), B2 (b) and B3 (c). Blue triangles: ¢;;,= (g )2, red dots: ¢, = (g o), green crosses: ¢y, = (g o) +
uy, Solid line: ¢ = ¢y;,; Note that only the data points corresponding to locations where both / and u were available (24.9
m<x<82 m) are plotted in this figure (no swash data).
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Figure 7: Normalized celerity (c-ujf)/(ghloc)l/ % as a function of the relative water depth for the surf zone data only (no
points in the swash zone). Red line: best fit obtained for field data in Tissier et al. (2011).

3.2.3.  Non-linear effects

Accounting for the low-frequency variations of water depth and velocity increases the agreement with
linear theory in shallow water, but significant discrepancies still remain in the surf zone. In particular, we
have seen that the linear theory generally underestimates individual wave celerity in the surf zone (see Fig.
6). Using the empirical modification of the linear theory 1.3(gh)"? arisen from laboratory experiments
(Stive, 1984) and commonly-used in nearshore propagation models (Schaffer ef al., 1993), does not im-
prove the predictions as E,,,; = 20.3 % (see also dot-dash lines in Fig. 4a,d and g).

Previous studies emphasized the importance of accounting for wave amplitude in the calculations of bro-
ken wave celerity (among others, Thornton and Guza, 1982, Holland, 2001). In this section, we investigate
the importance of finite-amplitude effects (or non-linear effects) on broken wave celerity. These can be
quantified using the relative water depth, H/h,,.. Figure 7 represents the measured wave celerity normalized
by the linear prediction as a function of the relative water depth for the surf zone data. It shows that the
normalized celerity increases with increasing non-linearities. The red line in Figure 7 represents the poly-
nomial fit defined in Tissier ef al. (2011) for field celerity data of surf zone waves. Comparing our celerity
data to this empirical fit leads to a root mean square error of 5.2%.

Lastly, we evaluate the ability of three non-linear predictors to describe broken wave celerity. The solitary
wave model, although originally derived to describe non-breaking wave celerity, was historically the first
model to account for non-linearities in wave propagation. In this case, wave celerity is predicted by:

Csol :(g(ﬁ+ H))Uza &)

with h the mean water level in which the waves propagate and H a representative wave height. The bore
model, developed by Svendsen ef al. (1978) , is based on the classical analogy between a broken wave and
a hydraulic jump. Wave-front celerity is expressed as:

1/2
Cbore = ( ght hc (Zr;—c - ht )j ’ (4)

where &, and &, are the water depth at the trough and at the crest. Finally, we consider the broken-wave
celerity model introduced by Bonneton et al. (2004), which can be seen as a generalization of the bore
model using Saint-Venant theory (hereafter called shock model). It reads as:

1/2
Cshock = _2(95)1/2 + 2(ght )1/2 + ( ghc (ht + hc )j ' (5)

2h,

To evaluate the ability of these predictors to describe our wave celerity data, we choose h = h__ and use

loc
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the individual wave characteristics for 4, /. and H. Figure 8 compares the broken wave celerity to the
predictions of the three non-linear model for the surf zone data. It can be seen that, as expected (e.g.,
Thornton and Guza, 1982), the solitary wave model generally over-predicts broken wave celerity (Fig. 8a).
For this model, we obtain a quadratic error of 10.1%, which is close to the values obtained using linear
theory. The behavior of the bore and shock models are quite similar (Figs. 85 and c), even if it seems that
the bore model performs slightly better for the highest celerity values. The resulting £, are close, 7.1%
for the bore model and 7.5% for the shock model.
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Figure 8: Comparisons of prediction versus measurements for the solitary wave (a), the shock (b) and the bore models
(c). Surf zone data only.

4.  Discussion and conclusion

In this paper, the wave-by-wave dynamics of surf zone waves has been analyzed in detail for three
laboratory bichromatic conditions. We have shown that the individual wave celerity could exhibit varia-
tions up to 90% of the mean celerity over the duration of a wave group. The maximum variability is seen to
relate with the relative long-wave surface elevation (with respect to the mean water depth), and is therefore
maximum when approaching the swash zone. Moreover, individual short waves are seen to converge to-
ward the long-wave crest while propagating through the surf zone. For the case B3, which is the case with
the highest infragravity waves, it ultimately leads to the merging of several bores. This bore merging is
enhanced by the fact that, for our laboratory conditions, both u; and 4 are in phase in very shallow water
(progressive pattern). Short waves propagating on the long-wave crests experience therefore higher water
depths and positive long-wave currents, while those propagating on the long-wave trough propagate in
smaller water depths and are slowed down by a negative long-wave current. This evolution would probably
have been different in case of a (more classical) standing-long wave, since in this case u; and 4, would be
90 degrees out of phase. This aspect will be investigated in more detail later on.

Several celerity predictors (linear and non-linear) have been evaluated. Surprisingly, the errors obtained
while modeling individual waves are very close to those obtained by Tissier et al. (2011) for their field
dataset using a bulk celerity number. The use of linear theory leads to an error of 10.4% when accounting
for low-frequency variations of both the velocity and water level. The use of non-linear models improves
the prediction, with quadratic errors of about 7% for both the bore and shock models. It is important to note
that, in our study, most of the data points correspond to moderate values of the non-linear parameter
(H/h<0.6), while the bore and shock models have been shown to differ the most for high non-linearities
(Tissier et al., 2011). Future works will include the analysis of the random wave cases, and in particular
case A2 (see Ruessink ef al., 2012) which involves highly-energetic waves and strong non-linear interac-
tions between short and long waves. The computation of individual wave celerity could be done using the
Radon Transform methodology introduced in Almar et al. (2013), which is less subject to noise than our
simple crest-tracking technique when applied to random wave cases.
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