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Abstract 

 

In nearshore studies, there is an increasing interest for describing wave-by-wave dynamics. Most existing 

methods compute bulk parameters for celerity and the separation of incoming and outgoing waves. In this paper 

we address the use of the Radon Transform for studying wave dynamics. The Radon Transform is a projection of 

a bidimensional field (e.g. spatiotemporal wave signal) into polar coordinates which can be back projected at 

given angles. The method is applied to laboratory low-sloping beach and non-linear waves GLOBEX dataset. The 

separation of incoming from outgoing long waves using Radon is tested and compared to the method described in 

Guza et al., (1984). Components are retrieved, even at standing long wave nodes. Individual short wave celerity 

derived from Radon is found in agreement with celerity derived from tracked individual crest. 

 

 

Key words: Radon transform, Separation of incoming and outgoing waves, nearshore, individual celerity, 

infragravity waves, beach reflection, laboratory experiment 

 

 

1. Introduction 

 

The complexity of an incident short-wave (typically, 0.05-0.5 Hz) field increases while approaching 

the shore. For example, short waves induce long waves (~0.005-0.05 Hz) that reflect from the beach 

face, producing cross-shore patterns that may influence individual short waves (Roelvink and Stive, 

1989; Abdelrahman and Thornton, 1987). Limitations regarding the available incoming and outgoing 

signal separation techniques presently prevent an accurate description and understanding of wave-by-

wave dynamics and wave-to-wave interactions between incident and outgoing wave fields. The 

celerity of short waves, for example, can be estimated through cross-correlation techniques (Tissier et 

al., 2011), which become very inaccurate when applied to individual waves. As pointed out by 

Baldock et al. (2006), no rigorous separation procedure exists for irregular waves breaking over a 

sloping bed. Signal separation often relies on spectral approaches based on Fourier transformed wave 

time-series on a subarray of adjacent wave gauges (e.g. Goda and Suzuki, 1974; Sheremet et al., 2002; 

Battjes et al., 2004; van Dongeren et al., 2007). Moving toward methods that estimate the amplitudes 

and phases of incident and reflected waves is required to perform wave-by-waves analysis, opening 

up new research possibilities. 

In this work, we aim to assess the ability of the Radon transform (RT, Radon, 1917; Deans, 1983) in 
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describing nearshore wave dynamics from dense spatiotemporal data of sea surface elevation. The RT 

has been commonly used in image processing and computer vision as edge detector, de-noising, and 

line extraction (Murphay, 1986). In geosciences, applications exist in the field of seismology (de 

Hoop et al., 2008), ship waves (Rey et al., 1990), regional ocean Rossby waves propagation (Cipollini 

et al., 1998). Nearshore use includes the tracking of the crests of individual waves (Yoo et al., 2008) 

and in the detection of the swash front motion (Zhang et al., 2009). 

Here, we address the use of the RT in the context of describing nearshore wave dynamics. The RT is 

applied to the EU-Hydralab IV GLOBEX laboratory experiment (non-linear conditions, see Ruessink 

et al., 2013). The performances of the RT are compared with traditional methods. We show that it is a 

powerful tool to separate incoming and outgoing waves and to estimate the celerity of individual short 

waves. We also discuss the advantages, limitations and perspectives of the method for coastal studies. 

 

 

2. The Radon Transform 

 

The RT (Radon, 1917; Deans, 1983; Duda and Hart, 1972) R(�,�) is an angular projection of a two-

dimension field η(x,t) over a line as defined by: 

 

∫∫ −+= txtxtxR dd)sincos(),(),( ρθθδηθρ      (1) 

 

Here, � (ranging from 0° to 180°) and � are the angle and radius that define the line, in polar 

coordinates, on which the function is projected, x and y are orthonormal coordinates, δ is the Dirac 

delta function. The use of the Dirac delta function forces the integration of η(x,t) along the line 

defined by θθρ sincos tx += . 

If a two-dimensional spatiotemporal wave signal, η(x,t), is considered, the resulting � can be 

converted into a wave celerity C through the following transformation: 

 

dtdxC /)tan(θ=         (2) 

 

where dx and dt are the spatial and temporal resolution, respectively. 

In Figure 1 is illustrated the principle of the estimation of wave-by-wave celerity using the RT. If the 

η(x,t) signal contains multiple waves, multiple local peaks (�,�) will be identified by the application 

of the RT. Propagating crests in the spatiotemporal η(x,t) field (Figure 1.a) are detected from their 

signature in the Radon space (Figure 1.b), corresponding to peak values. The �-coordinate of the peak 

gives the crest propagation angle. This angle is further converted into celerity using Equation 2. 

Interestingly, wave trough celerity can also be determined from its signature corresponding to a 

minimum in the Radon space. This can be useful for intra phase wave description, when asymmetry 

increase. 

In the case of a spatiotemporal wave field containing incoming and outgoing waves, η(x,t)= ηIn(x,t) + 

ηOut(x,t), each component can be retrieved using the inverse RT. The inverse RT is a back-projection of 

R(�,�) at given angles �. The total initial wave signal η(x,t) can be reconstructed as:  
 

∫∫= ρθθρη dd),(),( Ryx         (3) 

 

ηIn(x,t) and ηOut(x,t) can also be separated from waves propagation angle: 
 

ρθθρη ∫ ∫
+∞

∞−
= dd),(),(
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Figure 1. Illustration of the use of Radon Transform for wave-by-wave celerity estimation. a) Spatiotemporal 

field of short-wave surface elevation and b) its Radon Transform expressed as a directional density (or 

distribution). In a) crest trajectories (black lines) are shown and corresponding local maxima (black squares) 

locations give crests propagation angle. In b) the dashed line represents the mean detected crests angle. 

 

 

3. GLOBEX laboratory experiment 

A laboratory experiment was undertaken in the Deltares 110 m wave flume (Scheldegoot) within the 

framework of the EU-Hydralab IV project (Ruessink et al., 2013). One of the goals was to study non-

linear wave transformation and the interactions between short and long waves. Eight wave conditions 

were considered during this experiment (3 random, 3 bichromatic and 2 monochromatic cases), and 

were repeated 10 times for different instrument positions. This results in a total of 190 measurement 

locations for the free-surface elevation and 43 for the velocity per wave condition, recorded with a 

sampling frequency Fs=128 Hz. For the purpose of this study, random waves A2 series (JONSWAP 

with peak enhancement factor of γ = 3.3, significant wave height Hs=0.2 m and peak frequency 

fp=0.44 Hz) and bichromatic waves B2 series (primary frequencies of f1=0.42 Hz and f2=0.462 Hz 
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with associated amplitudes of A1=0.09 m and A2=0.01 m, respectively) were used. Further details 

concerning the experimental set-up and data pre-processing can be found in Ruessink et al. (2013). 

 

 

4. Applications of the Radon Transform to coastal waves’ dynamics 

 

4.1 Separation of incoming and outgoing waves  

In this section, the RT method is compared to the commonly used Guza et al. (1984) method (hereafte

r referred as Guza84). In Guza84, shoreward and seaward propagating long waves (η+ and η-, respecti

vely) are constructed from collocated surface elevation η and cross-shore velocity u timeseries using t

he assumptions of shallow water and cross-shore propagation: 

 

η ±= 0.5 [η ± u . (h/g) ^0.5]         (6) 

 

where h is the water depth and g gravitational acceleration. 

For the use of this method, both current and elevation signals are low pass filtered (fc=3/5fp) to keep 

only long waves. 

 

Figure 2 shows the spatiotemporal evolution of original surface elevation signal and the RT estimated 

incoming and outgoing components for the random A2 (left panels) and bichromatic B2 (right panels) 

cases. For A2, it can be seen in Figure 2.a that short-wave convergence and divergence is strong, due 

to the presence of a large underlying long-wave signal. The incoming short- and long-wave patterns 

(Figure 2.c) were recovered as well as the outgoing reflected long waves (Figure 2.e). Outgoing long 

waves were much lower frequency than the incident ones. This can be clearly seen in the low 

frequency surface elevation timeseries in Figure 3.a which describes the propagation and deformation 

of incoming and outgoing waves. The observed contrast between incoming and outgoing patterns is 

believed to facilitate the performances of separation methods. The energy conservation of the RT 

method was tested by comparing original long wave amplitude with the combination of the RT 

estimation of incoming and outgoing components (Figure 4.a). A good agreement was found between 

reconstructed and original amplitudes with a mean quadratic difference of 2 %. The RT performance 

was tested against Guza84 in the Figure 4.b which shows the amplitude of incident and reflected 

waves, estimated from the two methods. Results indicate that the methods are in good agreement. The 

energy reflection of long waves computed from RT is in the order of 5 %. See De Bakker et al. (2013) 

for additional analyses. 

 

The bichromatic waves B2 case is characterized by regular incident wave groups (f=0.462-0.42=0.042 

Hz, Figure 2.b) and hence monochromatic long-waves that, at least, partly reflected from the beach 

and propagate offshore (Figure 3.b). Consequently, a strong standing pattern is present. Contrary to 

what was observed for A2, the period of the incoming and outgoing long waves is similar, 

representing challenging conditions for the separation methods, particularly at the nodes. Results 

shown in Figure 2.f indicate that the RT caught outgoing waves throughout the profile. The long-wave 

standing pattern is visible in both the original and reconstructed amplitudes (Figure 4.c). It is 

interesting to note, in Figure 3.b (timeseries at the second most offshore location), that the RT was 

able to identify incident and outgoing wave components even at node locations, where resulting 

amplitude is close to zero. The RT reconstruction error was found larger than for A2 (quadratic error 

6 %), due to this standing pattern (Figure 3.b and Figure 4.c). The incoming and outgoing estimated 

amplitudes (Figure 4.b) obtained from RT and Guza84 present some discrepancies. Interestingly, 

Guza84 shows an unexpected large noise around the short-wave's breakpoint (X= 60 m). This should 

be further investigated but may result from cross-modes in the flume at this location. The energy 

reflexion of long waves computed from RT is larger than in case A2, around 23 %. 
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In Figure 3.b, noisy RT surface elevation can be seen at the edge of the bidimensional field. This is 

inherent to the RT method which has not enough information to accurately compute the propagation 

angle at the edges. Typically, from geometrical considerations, one can consider that points closer than 

a characteristic wavelength L=C.T in space and period T=L/C in time from the edges are not reliable 

(more details provided from synthetic test cases in Almar et al., 2013). 

 

 
Figure 2. Surface elevation η spatiotemporal evolution along the cross-shore direction X (m). a) Total A2, b) total 

B2, c) incoming A2, d) incoming B2, e) outgoing A2 and f) outgoing B2 waves fields. 
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Figure 3. Low frequency (f< 3/5 fp) surface elevation ηLF (m) timeseries every 10 m from the most offshore 

sensors to the beach (bottom to top) for the a) random A2 and b) bichromatic B2 cases: (black) total, (blue) 

incoming and (red) outgoing components. Dashed rectangle indicates the location of standing long wave node. 
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Figure 4. Long-wave amplitude A (m) along X (m). Total long-wave amplitude (solid line), reconstructed from 

RT (dashed line) and from Guza84 (circles) for a) A2 and c) B2. Incoming and outgoing waves amplitude, for b) 

A2 and d) B2, estimated from Guza et al. (1984) (circles) and from Radon (dashed line). Red is outgoing 

component and blue is ongoing. 

 

 

4.2 Wave-by-wave celerity estimation  

The ability of the RT in estimating wave-by-wave celerity was also tested using GLOBEX data. To 

compare with the RT estimation, celerities were first derived from automated crest detection on 

spatiotemporal surface elevation data (Figure 5). At the location of the most offshore sensor, wave 

crests were detected from local maxima. Individual crest propagation was given by the detection of 

the crest at neighbor onshore locations. This was done iteratively along the cross-shore sensors array. 

Spurious points were rejected using the following two criteria: within two consecutive sensors, the 

crest height variation should not exceed 10% and celerity couldn't be lower than 0.5 m/s. These two 

conditions allowed rejecting artificial jumps in celerity when the method picked another wave crest. 

The detection performed better for the bichromatic B2 case than for the random A2 because of 

numerous waves merging/splitting in the latter. Figure 5 well illustrates the issues encountered when 

trying to track individual waves crest. For the two cases, approximately 1200 wave trajectories were 

taken for further consideration. Figure 6 shows the individual celerities as a function of still water 

depth D along the profile, for A2 and B2. Wave-by-wave dispersion was found much larger for A2 

(Figure 6.a) than B2 (Figure 6.b). Interestingly, a local maximum of celerity was present for B2 

around D =-0.3 m which represents the inception of breaking. This is supposed to be associated to the 

rapid increase of wave asymmetry (see Ruessink et al., 2013 and Tissier et al., 2013 for more 

GLOBEX analyses) with crests that propagate faster than troughs. 
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Figure 5. Illustration of the crest tracking method: unfiltered spatiotemporal surface elevation along the cross-

shore direction X (m) for the random A2 case. Superimposed black lines stand for the detected crests that passed 

the quality control.  

 
Figure 6. Individual wave (~1000) celerites C estimated from the trajectory tracking method as function of depth 

D (m) for the a) A2 and b) B2 series. 
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The wave-by-wave celerity was also estimated from the RT. The spatiotemporal surface elevation 

signal was first high-pass filtered to conserve only short-wave dynamics. Celerity was estimated 

within a moving Wx-wide window (here we chose Wx=4 m, about one wavelength) and assumed 

constant within Wx. The celerities derived from RT were then compared to the ones computed from 

trajectories. Figure 7 shows computed bulk celerity parameters, average and dispersion (i.e. standard 

deviation). Along the profile, the quadratic relative difference of average values between methods was 

6 % (absolute 0.05 m/s) and 4 % (absolute 0.03 m/s), for A2 and B2 respectively. We hypothesize this 

difference partially comes from the fact that the two methods do not exactly pick the same waves for 

the analysis. Quadratic relative difference of dispersion values was 21 % (absolute 0.03 m/s) and 45 % 

(absolute 0.01 m/s), for A2 and B2 respectively. Of note, the RT caught the behavior observed in 

Figure 6 with a wave-by-wave celerity dispersion larger for A2 than for B2. See Tissier et al. (2013) 

for further analyses on GLOBEX wave-by-wave celerity and comparison with estimators. 

 

 
Figure 1. Average celerity derived from wave-by-wave estimation for a) A2 and b) B2. Errorbars stand for 

dispersion. Red line is RT-derived, blue line trajectory tracked.  

 

 

3. Concluding remarks 

 

In this paper the Radon Transform (RT) method was tested for studying nearshore wave dynamics. 

The RT is a transformation of a bidimensional field into a polar space which can be backprojected at 

given ranges of angle. The method was applied to the GLOBEX laboratory dataset, characterized by 

1:80 sloping beach and highly non linear waves. Random and bichromatic wave series were 

considered. Separation of incoming and outgoing waves is based on the identification, in the polar 

space, of signal propagating at angles from 1 to 90° (incoming) and 91 to 180° (outgoing). Results 

showed that the method was able to separate signals. Quadratic error on the total signal reconstruction 

was lower than 5 % and mainly localized at the edges of the bidimensional field. The standing long 

wave pattern of the bichromatic case represented challenging conditions for the RT. Long wave 

energy reflection at the beach was found to be around 5% and 23% for the random and bichromatic 

case, respectively. The RT was applied to wave-by-wave celerity estimation. This is based on the 

identification of individual crests signatures in the polar space. Obtained angles are further converted 
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into celerities. The RT showed good skills at retrieving wave-by-wave celerity with quadratic 

differences lower than 6 % while compared to celerities derived from automated tracked trajectories. 

The RT approach has the strong advantage of conserving intra-phase characteristics when separating 

incident and outgoing components. It also brings this new possibility of computing wave-by-wave 

celerity instead of only a bulk, wave-averaged value. From its new skills, this method should bring 

new insight on nearshore wave dynamics and particularly in studying the interactions between short 

and long waves. 
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