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Abstract When modeling gravity wave propagation through an array of discrete ice floes, considered as a
homogenous elastic continuum, the equivalent elasticity is less than the intrinsic material elasticity of ice.
The array behaves increasingly like a collection of rigid floating masses when the floe sizes decrease.
Extending a former wave flume experiment with polyethylene plates (Sakai & Hanai, 2002,
https://web2.clarkson.edu/projects/iahrice/IAHR%202002/Volume%202/189.pdf), we conducted an
experiment with saline ice floes at the Hamburg Ship Model Basin (HSVA). Using the measured wave number
and the dispersion relation from a continuous elastic plate theory, we determine the equivalent elasticity.
Parallel theoretical solutions are obtained using the matched eigenfunction expansion method (Kohout et al.,
2007, https://doi.org/10.1016/j.jfluidstructs.2006.10.012), assuming ice floes as an array of thin elastic plates
floating over inviscid water. Despite data scatter in laboratory tests, the celerity (phase speed) from the
laboratory and theoretical results both show a decreasing trend when the floe size reduces. The corresponding
equivalent elastic modulus decreases from the intrinsic modulus to zero. The matched eigenfunction
expansionmethod is then applied to investigate cases under field conditions. Using all the theoretical results, an
empirical relation is proposed for the equivalent elasticity in terms of wavelength, floe size, and length scale
from the intrinsic elasticity of the floes. In addition to celerity, wave amplitude along the ice cover is compared
with the theoretical results. Large discrepancies of wave attenuation from laboratory and theoretical
solutions are found, indicating that attenuationmechanisms other thanwave scattering need to be considered.

Plain Language Summary Ocean wave forecasts in the ice-covered seas require reliable modeling
of ice effect on wave propagation. The wave dispersion and damping rate due to the ice cover are
different from the propagation in open water. One way is to consider the total effect of a field of fragmented
ice floes as one continuous elastic sheet. However, the elasticity of the sheet is not measurable directly, which
could be much lower than the intrinsic elasticity of ice. In this study, we examine a single-period wave
propagating through an array of ice floes using both physical measurement and a theoretical approach. We
analyze data from two laboratory experiments and the parallel theoretical studies. The theoretical studies are
also extended into field scales using parameters collected from two field experiments. By assimilating all
results, we determine the dependence of the equivalent elasticity of the sheet on the floe size. Furthermore,
the surface undulation due to free edges makes the attenuation measurement challenging. Despite this
difficulty, extra damping beyond wave scattering is observed.

1. Introduction

The interaction between surface ocean waves and sea ice is most remarkable in the marginal ice zone. As
defined in Wadhams (2000) and Weeks (2010), this is the portion of the ice pack over which ocean waves
significantly impact the dynamics of the ice cover, and in turn, the waves are modified by the existing ice
cover. In this zone, the ice covers commonly consist of discrete floes interspersed in frazil, brash ice, or open
water. In a global wave model, it is impractical to include the precise wave-ice interaction at the individual
floe scale. A continuum approach provides an alternative, in which details of the ice cover are parameterized.
Such continuum approach has been used for land fast ice where the ice cover was assumed as pure elastic
(Fox & Squire, 1990), for grease ice where a pure viscous layer was assumed (Keller, 1998), and a viscoelastic
layer aimed at a general ice cover (Wang & Shen, 2010). The viscoelastic layer model was shown to converge
to the other two simpler cases under proper limits. Zhao et al. (2017) discussed differences of the wave
modes from these models. Bypassing any rheology, empirical relations directly relating attenuation to ice
thickness and wave frequency have also been proposed with no change in dispersion (Horvat &
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amplitude over an array of ice floes
are obtained from laboratory tests
and theoretical solutions

• Both show celerity decreases as floe
size decreases, while decay of
amplitudes in laboratory data is
generally higher

• An empirical formula for the
equivalent elasticity of an array of
floes is derived from wave numbers
obtained in the theoretical results
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Tziperman, 2015; Meylan et al., 2014). In all of these models, the parameters have been determined by fitting
the measured attenuation and dispersion (if available) from laboratory or field studies with the model predic-
tion (e.g., Cheng, Rogers, et al., 2017; Newyear & Martin, 1999; Rogers et al., 2016). Results of such calibration
show that different ice types give different parameters. For themarginal ice zone, themost obvious feature of
the ice type is the floe size distribution. However, floe size has only been included in wave scattering (Meylan
& Masson, 2006) but not in any continuum models for wave dispersion.

Sakai and Hanai (2002) conducted a laboratory experiment to investigate wave dispersion affected by the
size and elasticity of discrete floes. In their experiment, monochromatic waves were sent through an array
of floating thin polyethylene plates in a 26-m flume. Surface deflection of the floes wasmonitored using ultra-
sonic sensors. The experiment began with an 8-m-long elastic sheet. They then repeated the tests with the
sheet successively cut in half, a quarter, until a collection of uniform plates of 0.25 m. The total length of
the cover was kept at 8 m in all cases. They found that the celerity reduced as the plate size decreased, with
a corresponding increase of wave number. Using the measured wave number, they inversely determined an
equivalent modulus, Eeq, of the fragmented cover through the dispersion relation of a continuous elastic
plate model (equation (A3) in Appendix A). The authors then proposed an empirical formula based on their
data as

Eim ¼ Eeq=E ¼
0 IF≤0:145

IF � 0:145
0:455

0:145 < IF < 0:6

1 0:6 < IF

8>><>>: (1)

where the parameter IF consisted two dimensionless length scales,

IF ¼
ffiffiffi
h
lc

s
ln

li
lc

� �
¼ 2:303

ffiffiffi
h
lc

s
log10

li
lc

� �
and lc ¼ Eh3

12ρwg 1� ν2ð Þ
� �1=4

(2)

In the above, h and li are the thickness and length of the individual plate, respectively; lc is a characteristic
length relating to h, the intrinsic Young’s modulus E and Poisson’s ratio ν, of the plate; ρw is the density of
water; and g is the gravitational acceleration. The formula shown in equations (1) and (2) indicates that the
equivalent elasticity is roughly linearly proportional to the dimensionless parameter in a certain range.
Outside this range, the equivalent elasticity either approaches zero when the floes are small or approaches
the intrinsic elasticity when the floes are large.

The study of Sakai and Hanai (2002) supported the theories which started from Fox and Squire (1990, 1991)
and subsequently refined bymany others (see Squire, 2007 andMontiel et al., 2016 for a review). These studies
show that the free edge condition affects the plate deflection near the edges, resulting in the strain reduction
(Fox & Squire, 1991; Kohout & Meylan, 2008). Each floe behaves increasingly as a rigid body as its size reduces;
thus, the ice cover approaches the condition of the mass loading theory (Peters, 1950; Weitz & Keller, 1950).
Conceptually, therefore, it is natural to connect the floe size to an equivalent elasticity of the cover.

In the present study, we investigate the wave dispersion and attenuation through uniform floes using
laboratory and theoretical approaches. We report a recent laboratory experiment (Loads on Structure and
Waves in Ice [LS-WICE]) conducted as in Sakai and Hanai (2002), except using saline ice in a larger wave basin.
Parallel theoretical solutions are obtained using the matched eigenfunction expansion method (MEEM;
Kohout et al., 2007), which considers multiple scattering among floes. For completeness, this theory and
the relevant equations are briefly given in Appendix B. Based on the comparison between the theoretical
and measured celerity, the verified MEEM is adopted to perform more detailed analysis and expand to field
conditions, which are unattainable in the laboratory. With these theoretical results we establish an empirical
formula for the equivalent elasticity in terms of all length scales, including the wavelength, the floe length
and thickness, and the characteristic length lc defined in equation (2). Although not central to this study,
our laboratory and theoretical data also provide valuable information concerning attenuation. Hence, in
addition to celerity, the amplitude change along the wave direction is also reported.

This paper is organized as follows. Section 2 describes the recent laboratory experiment, including the experi-
mental setup and the data processing procedures. Section 3 presents the measured wave number and
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attenuation results from the laboratory and the MEEM theory. Extension to field conditions is presented in
section 4. Section 5 derives the empirical formula for the equivalent elasticity. Discussion and conclusion
are given in sections 6 and 7, respectively.

2. Laboratory Study
2.1. The Experimental Setup

The experiment reported here is part of the LS-WICE project (Cheng, Tsarau, et al., 2017; Tsarau, 2017),
conducted in the Large Ice Model Basin (LIMB) at the Hamburg Ship Model Basin (HSVA) from 24 October
to 11 November 2016 under the HYDRALAB+ program. Several series of experiments were performed to
investigate linear monochromatic wave propagation under saline ice floes, including a test series in open
water (series OW) to establish the baseline, Series 1000 for wave-induced ice fracture (Herman et al., 2017),
Series 2000 and 3000 for the wave dispersion and attenuation presented here, Series 4000 for floe dynamics
(Li & Lubbad, 2018), and Series 5000 for ice-structure interaction (Tsarau et al., 2017).

A schematic of the experimental setup is shown in Figure 1. At the left end of the basin, a wave maker
consisting of four flap-type wave generators span the width of the basin. The right end is a parabolic-shaped
beach to reduce wave reflection. The wave basin is 72 m long, 10 m wide. Its depth is 2.5 m in the first 61 m
from the wavemaker and increases to 5 m in the last 11 m near the beach. We used nine pressure sensors (P1
to P9 [BD model LMP307, 0.1 bar range]) to monitor the wave motion. To capture the celerity of different
wave periods, the sensors were installed with various separations along the wave basin, at a distance
~0.65 m from one sidewall and ~0.35 m below the still water level. The exact depths of sensors below the
water surface are determined in section 2.2.2. Except in the OW series, P1 was excluded from the analysis
as it was in open water.

For each series, a continuous ice sheet was created overnight via seeding followed by a quiescent growth.
The ice salinity S, Young’s modulus E, density ρi, and thickness h at several locations along the ice sheet were
measured before cutting the ice sheet into uniform floes. Details of the preparation of the ice sheets in series
2000 and 3000 can be found in Cheng, Tsarau, et al. (2017). The properties of the two ice sheets were nearly
identical, except that E in series 3000 was about twice that of series 2000, due to the colder air temperature.
The air temperature during the experiment was not constant, as shown in Figure 2a. The ice temperature was
not monitored. From the slowly rising air temperature during the experiment, slight time-dependent Young’s
modulus in the ice cover was possible. Although not measured, we expect that the change of Young’s
modulus during the experiment was small, because ~90% of the ice cover was in water at the freezing point.
The water density ρw was 1,005.5 kg/m3 in both series. In series 2000, ρi = 919.02 ± 3.25 kg/m3, S=3.73 PSU,
h=0.036 ± 0.001 m, E=2.97 ± 0.44 × 107 Pa, and water depth H=2.47 m. In series 3000, ρi=915.67 ± 2.08 kg/m3,
S=4.07 PSU, h=0.036 ± 0.001 m, E=5.64 ± 1.84 × 107 Pa, and H=2.45 m. The Poisson’s ratio ν of the ice sheets
was not measured. We adopt ν=0.3 in this study as reported in the literature (e.g., Langhorne et al., 1998;
Wadhams, 1973).

The prepared ice sheet was cut into uniform size floes for the wave measurements. The sheet was first freed
from the basin walls by removing a ~10-cm strip next to the sidewalls. A set of longitudinal cuts of ~1.5-m
separation was made over the sheet to prevent random formations of longitudinal cracks. Then a set of trans-
verse cuts with a uniform spacing was made over the entire ice sheet except from the 61-m mark to the

Figure 1. Schematic of the experimental setup. Pressure sensors are numbered as P1 to P9. The grey grids represent ice
floes. The yellow grids are floes without transverse cuts. Locations of P1 to P9 for series 2000 were at 17.1, 25.3, 26.5,
27.1, 29.1, 30.9, 36.1, 41.7, and 50 m, respectively; for series 3000, at 17, 25.2, 26.3, 26.9, 29, 30.8, 36.2, 41.6, and 50 m,
respectively.
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beach. After making the uniform floes, a series of monochromatic waves ran through the ice cover. After
completing the runs, transverse cuts were made again to reduce the floe size for the next test. Figures 2b–
2d show ice cover preparation and finished ice covers.

Each experiment series includes a number of tests using different floe sizes, and each test includes a number
of runs using different periods. For each test, the wave runs proceeded from long to short waves to minimize
the risk of breaking floes. At the leading edge of the ice cover, a boom made of foam tubes with diameter
~0.1 m was installed to prevent the floes from drifting back toward the wave maker at the end of each
run. A stop-go wave run was performed. Each run lasted less than 90 s starting from the still water condition,
sufficient for generated waves to travel the entire wave basin. Series 2000 began with floes of 6-m length.
After the first wave run, the leading row of floes broke. In the rest of this series, floes were made of 1.5 and
0.5 m sizes only. Because this fracture may influence the wave propagation in the first 6 m of the ice cover,
P2 is excluded in the data analysis of series 2000. In series 3000, floes were made of 3, 1.5, and 0.5 m sizes.
Experimental parameters including wave height, period T, and floe size li are summarized in Table 1. The wave

Figure 2. (a) Temperature records of series 2000 and 3000. The vertical bar indicates the time when the Young’s modulus was measured. The dash-dotted box indi-
cates the wave test period. (b) Preparing an ice cover, (c) finished ice cover of 1.5-m floes, and (d) finished ice cover of 0.5-m floes.

Table 1
Summary of the Experiments

Run no. 1 2 3 4 5 6 12

Wave height (mm) 5 10 5 10 5 10 10
Wave period (s) 1 1 1.2 1.2 1.4 1.4 2
Run no. 2420 2440 2620 2630 2640 2650 2720 2730 2740 2750
Wave height (mm) 50 40 25 25 25 25 25 25 25 25
Wave period (s) 1.8 1.2 1.8 1.6 1.4 1.2 1.8 1.6 1.4 1.2
Floe length (m) 6 6 1.5 1.5 1.5 1.5 0.5 0.5 0.5 0.5
Run no. 3120 3130 3140 3150 3210 3220 3240 3250 3310 3320 3330 3340 3350
Wave height (mm) 25 25 30 30 25 25 30 30 25 25 25 30 30
Wave period (s) 1.8 1.6 1.5 1.4 2 1.8 1.5 1.4 2 1.8 1.6 1.5 1.4
Floe length (m) 3 3 3 3 1.5 1.5 1.5 1.5 0.5 0.5 0.5 0.5 0.5
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periods and wave height used ensure low wave steepness (<1.1%) for
linear waves but still sufficient wave heights to enable signal strength of
the pressure sensors.

2.2. Data Processing

We describe the procedure of calculating the wave celerity and amplitude
for each run based on the pressure signals. The pressure signals were first
converted to meters of water through previously calibrated pressure-
depth relation. Because small disturbances in the water body were
perpetual in the large wave basin, we apply a zero-phase shift digital filter
to reduce the noise. We determine the time of arrival (TOA) of the wave
signal by checking peaks of the filtered time series. When four successive
peaks of the time series have a separation between 0.9T and 1.1T for the
very first time, we denote the leading peak as the TOA.

Figure 3 shows the filtered time series from run 3140. From bottom up,
these time series correspond to P2 to P9 with black dots representing
the TOAs. The time series of P9 has a longer tail due to the reflection from
the sudden increase of basin depth at the 61-mmark and the beach. Small
disturbance in water can be seen prior to the TOAs even after the filtering.
A dash-dotted box and a dashed box demonstrate examples of truncated
windows in determining the celerity and amplitude described later.

Several time series are skipped to avoid possible wave reflection from the sudden increase of basin depth and
the beach. For all runs, the arrival time of the reflected wave at each sensor location is estimated by the ratio
of twice the distance from the sensor location to the 61-m mark and the open water group velocity. Signals
with amplitude less than 0.003 m are also ignored to avoid cases with high noise-to-signal ratio.
2.2.1. Wave celerity
We calculate a set of wave celerity by using truncated time series from all pairs of signals, then use the
average of a subset to define the celerity of a run. The truncation window starts from one T ahead of the
TOA of the leading time series. The size of the window varies from 4 T to 13 T with an increment of T. One
of the truncation windows is shown in Figure 3 as the dash-dotted box. The celerity of a sensor pair is taken
as the median of the values obtained using those truncated windows. For a pair of truncated time series, the
corresponding celerity c is calculated as

c ¼ Δx
Δt

;Δt ¼ nT þ δt (3)

where Δx, Δt are, respectively, the distance between the pair of sensors and the true time lag between the
pair of truncated time series; δt is the time lag calculated using the MATLAB function xcorr; and n is an integer
to be determined. Under field conditions, wave signals lose their coherence over long distance due to the
coexistence of multiple wave frequencies and wave dissipation. Hence, it is necessary to constrain Δx to be
less than the wavelength (e.g., Sutherland & Rabault, 2016). In such case, n = 0 and c = Δx/δt. In the laboratory,
we work with clean monochromatic waves; hence, signals do not lose their coherence. To increase the
sample size and thus the reliability of the measured data, we use all available sensor pairs.

Let celastic be the celerity from the thin elastic theory of a continuous ice sheet with the intrinsic elasticity and
cmass be the celerity from the mass loading theory with vanishing elasticity, both obtained from the
dispersion relations given in Appendix A, using mean values of the measured E, h. For sensor pairs with Δx
greater than the wavelength, guided by the knowledge that for arrays of floes cmass ≤ c ≤ celastic, we seek n
that satisfies this constraint.

Figure 4a shows the resulting celerity distribution against the separation distance between the pair of sensors
in run 3140. Each data point represents the celerity of a sensor pair. The data are superimposed with the
celerity of open water, the mass loading model, and the thin elastic plate model. Figure 4b is the wave
amplitude along the ice cover to be discussed in the next section. As found in Sakai and Hanai (2002), c
fluctuates over Δx. The fluctuation is more significant when Δx is small. Small Δx presents two types of

Figure 3. Filtered time series from sensors P2 to P9 in run 3140, amplified
120 times. The dots represent the time of arrival. A dash-dotted box corre-
sponds to a selected time window for calculating celerity between P5 and P6.
A dashed box located in P8 is a selected time window for estimating wave
amplitude.
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challenges. First, the accuracy of c drops because the experimental error is amplified when Δx and therefore
Δt are both small. The longer the wave period, the faster the celerity and the more this problem would be.
Second is the physical situation with many discontinuities in the ice cover. When a sensor pair is close to
any of the free edges, it would measure the collective wave modes generated at these discontinuities, not
just the flexural-gravity wave, which is our objective. Hence, for the present analysis, we need to exclude
celerity data from cases with very small Δx. However, when Δx is large, multiple n solutions may be found.
We thus may not confidently determine the celerity for these cases.

Therefore, the celerity for a run,bc, is defined as themedian of a subset of c that satisfy Δx> λow/2, where λow is
the open water wavelength. The wave number of the run is then determined as

k ¼ 2π=Tbc (4)

2.2.2. Wave amplitude and attenuation
The filtered time series can be separated into the hydrostatic part and the hydrodynamic part. The hydro-
static part, ξ , is the sensor depth from the still wave surface, and the hydrodynamic part, ηd, is the vertical dis-
placement of a water particle at ξ .

The possible small depth differences in the pressure sensors could affect the hydrodynamic pressure.
Therefore, when determining the wave amplitude, we first convert ηd to its corresponding surface elevation
η as (e.g., Dean & Dalrymple, 1991, Eqs. (4.23) and (4.24))

η ¼ ηd
coshkH

coshk H� ξð Þ (5)

where k is obtained from equation (4). Wave amplitude of a truncated fully established time series can be
determined as A ¼ ffiffiffiffiffiffiffiffiffiffiffi

2p ηð Þp
, where p is the average power of η, calculated by the MATLAB function band-

power. We select the truncated time series starting from the fourth peak after the TOA and spanning several
periods. An example of the truncated time series for P8 is shown as the dashed box in Figure 3. To increase
the sample size for a more reliable estimate, we calculate multiple A with truncated windows spanning a
length from 3T to 10T with an increment of T and assign the median bA as the amplitude of the time series.
The length of the chosen truncated window ensures no reflection from the sudden increase of water depth
at 61-m mark. The attenuation rate α of a run is determined by fitting the wave amplitudes bA by an exponen-
tial curve bA ¼ bA0 e�αx .

Figure 4b shows the measured amplitudes along the wave basin with α = 0.027 1/m in run 3140. The ampli-
tude fluctuates widely along the basin, which is observed in all cases studied. The same phenomenon was
also found in the experiment of Sakai and Hanai (2002) as shown in Kohout et al. (2007) (more complete sur-
face elevation data may be found in Kohout, 2008). We will further discuss this phenomenon in section 6.3.
For comparison, in the open water test (OW series) the wave amplitudes are nearly constant (not shown
here). In all but one of the OW runs, a minor increase of amplitude (α ~ 10�4 to 10�3 1/m) is observed.
Such small amplitude change is below the sensor resolution.

Figure 4. (a) Celerity against Δx between two sensors in run 3140. (b) The box-whisker plot of amplitude from run 3140,
fitted with bA ¼ bA0 e�αx , α = 0.027 1/m.
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3. Comparison Between Theoretical and Laboratory Results

We first use the MEEM to calculate theoretical solutions corresponding to the LS-WICE experiments (Table 1)
and include extra cases of other floe lengths: li= 0.5, 1, 1.5, 3, 6, 10, 20, and 40m. This broader li range provides
more information about the celerity dependence on li. In these theoretical solutions, elastic floes are
juxtaposed without gap of open water to form a cover. Because the totally length of the ice covers in the
LS-WICE experiment was about 40 m, we set floe number N as the minimum integer that satisfies Nli≥
40 m in each run. In these solutions, the number of evanescent modes described in Appendix B is fixed
at M= 20, which is sufficient to ensure the convergence of the infinite series. With the aid of this analytical
solution we may solve the celerity using the phase difference method described in Appendix C. We then
obtain the wave number k by equation (4).

Figures 5a and 5b show k against frequency from the MEEM solutions (black) and laboratory measurements
(red) of series 2000 and 3000, respectively. In each panel, a grey band indicates the range of kelastic calculated
using the range of measured E and hmentioned in section 2. A dashed line indicates kelastic calculated using
the mean E and the mean h. As the variation of kmass is small due to small variations of h, we only show a
dash-dotted line to represent kmass obtained using the mean h. The wave numbers from series 3000 are lower
than those from series 2000, due to the higher E in series 3000. The standard deviations of k, less than 5% of
the corresponding means, are not shown.

These comparisons are not in as good an agreement as for the Sakai and Hanai (2002) case. When we adopt
the MEEM to get theoretical results of their experiment (not shown here), we observe nearly perfect
comparison between the MEEM solutions and Sakai and Hanai (2002). In their experiment, 25 monitoring
positions were used over the 8-m floe arrays, and with polyethylene plates, uniform and time-constant elastic
material property was ensured. Hence, their laboratory data accuracy is higher than the present case.

Figure 5. (a and b) Wave number against frequency of Loads on Structure andWaves in Ice (LS-WICE) experiment (red) and
theoretical results (black). The dash-dotted lines indicate kmass calculated using the mean h. Based on the range of
measured E and h, kelastic is calculated as a grey band with a dashed line corresponding to the mean E and mean h.
(c and d) Eim against IF of the LS-WICE experiment (blue) and the theoretical results (black). The piecewise linear curve
represents the empirical formula (equation (1)).
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Furthermore, the array of floes in their experiment was refrained from translational motion via vertical pipe
stoppers (Ogasawara & Sakai, 2006); hence, the kinematic conditions were the same as in the theory. But
in our experiment slight translational motion not included in the theoretical solution was inevitable. This
also contributes to deviations between the measured and theoretically derived wave numbers.
Nonetheless, the same trend of increasing wave number with decreasing floe size, gradually moving away
from the continuous elastic plate model to approach the mass loading model, is found in both cases.

Using equation (A3) and the mean value of h, with the wave number and the corresponding wave frequency
from Figures 5a and 5b, we obtain the equivalent elasticity Eeq. Figures 5c and 5d show the resulting
Eim = Eeq/E against IF between the laboratory (blue) and theoretical (black) results, where E is the mean value
of measured data. For laboratory data, we use the mean k to calculate Eim. The discrepancy between the
laboratory and theoretical studies is more obvious in the Eim plot. At larger periods, Eim is much more
scattered. As cmass and celastic converge to each other when period increases, any uncertainty of measured
k magnifies the scattering of Eim. In these cases, the celerity is very close to open water, regardless of Eim.
We will further discuss this issue in section 6.2.

In contrast, the scatter of the theoretical Eim is very small for all wave periods and the mean Eim varies from 0
to 1 consistently. However, although our theoretical results for Eim using parameters in Sakai and Hanai (2002)
agree well with equation (1), it is not so for the present case. The piecewise linear curve is far from the
theoretical results. We note that the floe size and material property of the two cases (Sakai and Hanai,
2002, and LS-WICE) are quite different. Furthermore, in both cases, instead of piecewise linear, we observe
a gradually transition of Eim between 0 and 1. Thus, a more general empirical formula may be needed to cover
a broader range of the parameter space, which also allows for a smooth transition between 0 and 1. This will
be studied in section 5 after we extend the study to field conditions in the next section.

We now investigate the attenuation coefficient α using the method described in section 2.2.2. For the
theoretical cases, wave amplitudes at the pressure sensor locations are first calculated. The exponential
curve-fit of the amplitudes provides α for each frequency and floe length. This result is given in Figure 6,

Figure 6. Attenuation coefficient α of Loads on Structure and Waves in Ice (LS-WICE) experiment (red) and parallel theore-
tical results (black).
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where the mean and the 95% confidence interval of α are from the laboratory data (red) and the theoretical
data (black). Overall the measured α are greater than the theoretical values. For the laboratory cases, only the
0.5-m floe case in series 2000 shows a monotonically increasing attenuation with frequency. All theoretical
results do not have monotonic trend over frequencies, and negative values are commonly observed. These
phenomena will be discussed in section 6.3.

4. Theoretical Solutions in Field Scales

We next present theoretical solution using MEEM with parameters selected from two field studies. One is the
SIPEX II Voyage (Kohout et al., 2014; Toyota et al., 2016), and the other is the R/V Sikuliaq Cruise (Thomson
et al., 2018). We select three pairs of floe size from each study. For the SIPEX II Voyage, (li, h)= (2, 0.5), (3,
0.5), and (20, 1) (m). For the R/V Sikuliaq Cruise, (li, h)= (1, 0.05), (2, 0.05), and (15, 0.4) (m).

At large wave periods, cmass and celastic approach each other (Collins et al., 2017). As mentioned in section 3,
when these two extreme values converge to each other, there is high uncertainty in determining Eim . Hence,
we restrict our study cases for T from 2 to 4.5 s, based on the other parameters ρi= 922.5 kg/m3, ρw= 1025 kg/m3,
and E= 1 and 5 GPa. As a compromise between accuracy and efficiency, we set floe number N as the minimum
integer satisfying Nli>10λow and bounded by 10 ≤N≤ 50. We choose the number of evanescent modeM= 150
here, which gives an accuracy to at least two decimal places for k. We also set water depth H = 2λow, which
satisfies the deep-water assumption. Figure 7 (right panel) shows that Eim are all close to 0 when
E= 5 GPa. For E=1 GPa (left panel), the approach of Eim to 1 is more delayed than those from the
LS-WICE cases shown in Figures 5c and 5d. These disagreements again indicate the need to revise the
empirical formula equation (1).

5. Empirical Formula for the Equivalent Elasticity

We now determine an empirical formula for Eim based on the theoretical solutions of laboratory cases of Sakai
and Hanai (2002), LS-WICE, and cases with field scales.

We summarize the parameters that affect the celerity as

bc ¼ M ω; g; ρw ; ρi; ν;N; li; h; E;Hð Þ (6)

Since g, ρw, and ρi are constants, N and ν are dimensionless, the number of relevant independent variables is
only six. Applying the Buckingham-Pi theorem, Eim depends exactly on three dimensionless parameters. They

are chosen as h
lc
, li

lc
, and λow

li
. The first two are related to the elastic characteristic length lc defined in

equation (2), and the third represents the wave effect.

Previous analysis of data from the R/V Sikuliaq cruise showed that the calibrated elasticity was several orders
of magnitude smaller than the intrinsic elasticity of sea ice (Cheng, Rogers, et al., 2017), so that the
dimensionless elasticity Eim ≪ 1. The numerically studied cases in Figure 7 also show close to zero Eim. To

Figure 7. Eim versus IF in the selected field scale cases. The piecewise linear curve represents the empirical formula
(equation (1)).
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resolve the variation of Eim at these low values, we apply a logarithmic scale on Eim and fit log10Eim with the
following function

log10Eim ¼ g IGð Þ ¼ a
1þ beIG

(7)

where a, b are real numbers and IG ¼ f 1 h
lc

� �
f 2

li
lc

� �
f 3

λow
li

� �
. This functional form is chosen to let the new for-

mula be consistent with equation (1) but have a smooth transition between 0 and 1. The three dimensionless
functions f1, f2, and f3 are either power function or logarithmic function. For each possible combination of f1,
f2, and f3, we optimize a, b and the coefficients of f1, f2, and f3 to minimize the normalized root mean square
error between (IG, Eim) and (IG,g(IG)). The empirical formula is determined as the combination with the mini-
mum normalized root mean square error, that is

log10Eim ¼ �6:88
1þ 1:281eIG

(8)

where

IG ¼ 2:921
h
lc

� �0:012

log10
li
lc

� �
λow
li

� ��0:001

(9)

The small power of λowli shows that Eim is only weakly dependent on the wavelength. The best fit result is shown

in Figure 8. The proposed empirical formula (equation (8)) is based on the theoretical solutions under labora-
tory and field conditions in a two-dimensional configuration with uniform elastic floes. From the comparison
of scatter-induced wave attenuation between two and three dimensions (Bennetts et al., 2010), qualitatively
similar results as shown in Figure 8 are expected for a three-dimensional configuration. Verifications of equa-
tion (8) are required with more realistic ice conditions to determine the equivalent elasticity applicable to
field conditions.

6. Discussion

We now discuss the large fluctuation of the celerity and amplitude variation observed in Figures 4 and 6 and
the difficulty of using wave number to determine the equivalent elasticity for large wave periods shown in
Figure 5.

6.1. Fluctuations in the Celerity Measurements

As shown in Figure 4a, the celerity obtained in the LS-WICE experiment fluctuates a lot depending on Δx.
This data scatter is not simply due to measurement uncertainty. In the parallel theoretical solution, the

Figure 8. log10Eim against IG from all the theoretical solutions and the proposed empirical formula.
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spatial distribution of celerity may be obtained analytically (Appendix C)
with any resolution over the entire ice cover, as shown in Figure 9. The
celerity not only varies over different Δx but also varies over the same
Δx sampled from different locations. The coexistence of multiple wave
modes near free edges of elastic plates (Fox & Squire, 1990, 1991) is
responsible for this variation. Because all but the flexural-gravity mode
damp away from the free edges, as Δx increases, the contribution from
the flexural-gravity wave becomes dominant. Hence, the celerity fluctua-
tion reduces. Because of the small number of sensors in the LS-WICE
experiment, the celerity obtained from a small sample size is prone to
the influence of other modes when Δx are short. Sakai and Hanai (2002)
were able to alleviate this problem using a large sample size based on
many observation points.

6.2. Difficulty in Determining the Equivalent Elasticity by the
Wave Number

The baseline error for measuring the wave number in the LS-WICE experi-

ment is estimated by evaluating ϵ ¼ kow�k
kow

��� ���, where kow is the theoretical

open water wave number defined by equation (A1) and k is from a run of the OW series obtained from the pro-
cedure described in section 2.2.1. The averaged baseline error of the OW series is quite small, ϵ ¼ 0.0145.
However, as shown in Figure 5, for long-period waves, the theoretical separation between the two bounds,
kelastic and kmass, is also very small. In such a case, a small error in the measured k can cause large difference
in Eim.

The measured errors could be from multiple sources, such as the refrozen floes after cutting, nonstationary
(drifting in the horizontal direction) floes, and small and variable gaps between floes. All these possibilities
are absent from the current theory. Although the careful monitoring of the ice cover during the experiment
showed that none of the above was a major concern, we cannot completely rule them out. In contrast, the
MEEM solutions in Figure 5 are cleaner by using a large sample size and with floe conditions prescribed by
the theory.

6.3. Wave Attenuation Variation

In this study, the wave attenuation coefficient is defined by fitting the surface elevation with an exponential
curve, that is, the snapshotmethod. The multiple modes that coexist due to the discontinuities in an ice cover
create an undulating wave envelope, superimposed with an overall attenuating surface elevation. The result
is an irregular amplitude variation as shown in Figure 4b. Only over a long distance can the overall attenua-
tion be confidently measured.

Looking beyond the fluctuations, Figure 6 shows a large discrepancy of the level of attenuation coefficients
between the laboratory and theoretical results. Kohout (2008) showed a similar deviation when comparing
the surface deflection from the MEEM data with the measured ones from Sakai and Hanai (2002). Using
the continuous elastic plate theory to solve wave propagation through an array of floes floating on inviscid
water, the only attenuation mechanism is wave scattering at each discontinuity, as a result of the cumulative
transmission/reflection. This observed discrepancy of the attenuation between the laboratory and the paral-
lel theoretical results suggests that there are extra damping mechanisms. The same observation was made in
another laboratory study using a continuous sheet of polydimethylsiloxane, a viscoelastic material, as the
floating cover (Sree et al., 2018). The measured attenuation was significantly greater than obtained from
the theory of Wang and Shen (2010). These extra damping could come from sidewall effect, the viscoelastic
properties of the floating cover, overwash (Bennetts et al., 2015), boundary layer effect under floes (Liu &
Mollo-Christensen, 1988). For an array of discontinuous finite floes, additionally, we may have floe-floe inter-
actions (Shen & Squire, 1998), vortex shedding (Rabault et al., 2018), and many other processes (Squire, 2018).
In the LS-WICE experiment, the estimated wave energy loss due to viscous shear between the sidewall s and
the ice sheet is 4 orders of magnitude less than the level of the measured attenuation coefficient. Overwash
was sometimes observed at the row of floes closest to the wave maker but not the rest of the ice cover. Floe-
floe interactions also occurred under the wave motion. The boundary layer effect under floes and vortex

Figure 9. Celerity distribution over Δx from the parallel theoretical solutions
of run 3140 in Loads on Structure and Waves in Ice (LS-WICE) experiment.
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formation was not measured. Although the elastic modulus of the ice was measured, its viscous property was
not. These additional damping mechanisms require dedicated studies in the future.

7. Conclusion

This study presents a combined laboratory and theoretical investigation of floe size effect on wave dispersion
through an array of discrete ice floes. Expanding the laboratory study of Sakai and Hanai (2002) who used a
polyethylene plate, saline ice is used in the present study. Parallel theoretical solutions are obtained using the
MEEM. The equivalent elasticity over an array of floes is determined by the measured wave number. We then
extend the theoretical solutions to field conditions. Depending on the floe size, the equivalent elasticity can
be several orders of magnitude lower than the intrinsic elasticity of ice. Based on the theoretical results, we
obtain an empirical formula for the ratio of the equivalent to intrinsic elasticity. The result shows that this ratio
mainly depends on two dimensionless parameters, which consist of the floe size and the flexural rigidity, as
proposed by Sakai and Hanai (2002). The effect of wavelength is negligible in the cases studied.

Such a formula could be useful to determine the rheological parameters in sea ice models. It relates floe size
distribution of an ice field, a quantity that is observable, to its elastic property relevant to ocean wave propa-
gation, a quantity that is desirable for wave forecasts. One major challenge is to extend the current two-
dimensional study to a full three-dimensional study.

Wave amplitude, obtained by the snapshot approach in this study, might not reveal the overall wave damp-
ing through the ice cover, due to the surface undulation of the floes. Nevertheless, deviation of attenuation
between the measured and the theoretical data indicates the presence of other damping mechanisms that
should be studied further.

Appendix A: Relevant Dispersion Relations
The dispersion relations used in this study are listed below.

For open water (e.g., Kinsman, 1965),

ω2 ¼ gk tanhkH (A1)

For the mass loading model (Peters, 1950; Weitz & Keller, 1950),

ω2 ¼ g� ρi
ρw

hω2

� �
k tanhkH (A2)

For the continuous elastic plate model (Fox & Squire, 1990),

ω2 ¼ Lk4

ρw
þ g� ρi

ρw
hω2

� �
k tanhkH; L ¼ Eh3

12 1� ν2ð Þ (A3)

When the flexural rigidity L = 0, equation (A3) reduces to the dispersion relation for the mass loading model
(equation (A2)). The celerity of each case is determined as c ¼ ω

k , where the wave numbers corresponding to

the above cases are denoted as kow, kmass, and kelastic, respectively, and the three celeries are cow, cmass,
and celastic, respectively.

Appendix B: Matched Eigenfunction Expansion Method
Details of this method can be found in Kohout et al. (2007) and Kohout (2008). For completeness we list all
relevant mathematical equations here. Considering a domain with infinite extent in the horizontal, x direc-
tion, and between z = � H, 0 in the vertical direction, with upward being positive. Assuming an irrotational
and inviscid flow and time-harmonic monochromatic wave, the complex velocity potential ϕ(x, z)e�iωt satis-
fies the Laplace equation by linear potential floe theory as equation (A4). The boundary value problem of a
monochromatic wave propagating into N subdomains each spans a region lj ≤ x ≤ rj, j = 1, N is described
by a set of equations:
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∇2ϕ ¼ 0;�H < z≤0 (A4)

∂ϕ
∂z

¼ 0; z ¼ �H (A5)

iωη ¼ � ∂ϕ
∂z

; z ¼ 0 (A6)

Lj
∂2

∂x2

� �2

η� iρwωϕ � ω2mjηþ ρwgη ¼ 0; z ¼ 0; lj≤x≤rj (A7)

∂3

∂x3
η ¼ 0;

∂2

∂x2
η ¼ 0; z ¼ 0; x ¼ lj; rj (A8)

Each subdomain can be open water or ice-covered, with lj + 1 = rj. Equation (A5) is the bottom boundary con-
dition. Equation (A6) is the kinematic boundary condition at the top surface, where η is the complex deflec-
tion. Equation (A7) is the dynamic boundary conditions at the top surface. Equation (A8) indicates no shear

stress and no bendingmoment at the floe edges.Lj ¼ Eh3

12ρi 1�ν2ð Þ is the flexural rigidity of the j
th plate with thick-

ness h, andmj = ρih is the mass per unit area of the ice floe. For open water, Lj, h = 0. The solution of ϕ for an
array of N subdomains is represented by a truncated series of many modes:

ϕ≈

Iek1 0ð Þ x�r1ð Þ cos k1 0ð Þ z þ hð Þð Þ
cos k1 0ð Þhð Þ þ ∑Mn¼�2R1 nð Þek1 nð Þ x�r1ð Þ cos k1 nð Þ z þ hð Þð Þ

cos k1 nð Þhð Þ ; x < r1

∑Mn¼�2 Tj nð Þe�kj nð Þ x�ljð Þ þ Rj nð Þekj nð Þ x�rjð Þh i cos kj nð Þ z þ hð Þ� 	
cos kj nð Þh� 	 ; lj < x < rj

∑Mn¼�2TN nð Þe�kN nð Þ x�lNð Þ cos kN nð Þ z þ hð Þð Þ
cos kN nð Þhð Þ ; lN < x

8>>>>>>>><>>>>>>>>:
(A9)

where k1(0) is the wave number of open water region to the left of the ice floe array and I is amplitude of the
incident wave potential. These wave modes include one flexural-gravity mode (n = 0), two complex modes
(n = � 1, � 2), and M evanescent modes (n = 1, 2, …, M). The reflection and transmission coefficients Rj(n)
and Tj(n), j = 1, 2, …, N are solved from the boundary value problem by matching the potential over depth
from bottom to surface at all edges. This matching is done by requiring the complex potentials ϕj and ϕj + 1

satisfy the following two equations for m = 0, 1,…, M:

∫0�Hϕj rj; z
� 	

cos
mπ
H

z þ Hð Þ
� �

dz ¼ ∫0�Hϕjþ1 ljþ1; z
� 	

cos
mπ
H

z þ Hð Þ
� �

dz (A10)

∫0�H

∂ϕj

∂x
rj; z
� 	

cos
mπ
H

z þ Hð Þ
� �

dz ¼ ∫0�H

∂ϕjþ1

∂x
ljþ1; z
� 	

cos
mπ
H

z þ Hð Þ
� �

dz (A11)

The required free edge condition (equation (A8)) provides the additional conditions to close the system:

∂3

∂x3
∂ϕj

∂z
¼ 0;

∂2

∂x2
∂ϕj

∂z
¼ 0; z ¼ 0; x ¼ lj; rj (A12)

Once ϕ is solved, the surface elevation η may be derived
from equation (A6).

Appendix C: Determine Theoretical Celerity
We first determine the celerity between any two locations. Because the
surface displacement η(x, t = 0) solved by the MEEM is a complex variable.
The phase angle of η(x) is obtained as θ(x) ∈ (�π, π]. Figure A1 shows an
example of the phase distribution over the whole cover for a case with
parameters from Sakai and Hanai (2002): T= 1 s, N= 16, li= 0.5 m,
h= 5 mm, and E= 850 MPa. Equally spaced 2000 observing locations over
the cover are set along the modeled basin to capture the wave phase

Figure A1. Demonstration of local wave phase change over the floes. The
associated parameters are T= 1 s, N= 16, li= 0.5 m, h= 5 mm, and E= 850 MPa.
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distribution. It shows that θ(x) decreases continuously as x increases till a phase adjustment, which resets
θ(x) = θ(x) + 2π if θ(x) ≤ � π. We can determine the phase difference Δθ between two chosen locations x1
and x2, where x1 is closer to the leading edge, by

Δθ ¼ θ x2ð Þ � θ x1ð Þ þ 2πK ; (A13)

where K ≥ 0 is the number of phase adjustments between x1 and x2. OnceΔθ is known, the time lag isΔt ¼ TΔθ
2π ,

and the celerity between x1 and x2 is c ¼ x2�x1
Δt . This time lag depends on the two locations, as clearly seen in

Figure A1.

To obtain a statistical value representing the celerity for a case, many pairs of densely populated observing
locations are utilized. We select a portion of c to calculate bc by two criteria. One is to skip any point, which
is less than li/20 from a free edge. The other is Δx > Nli/2 to avoid the large oscillation of c at small Δx.
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